Linear Algebra 
Hints and solutions to selected exercises 


Homework 1. 
Complex Numbers, polynomials 
0. a) Find analytically and graphically the sum of vectors u, v, (the tails are in the origin of the 
coordinate system), their lengths and dot products 
1. u = (3,1),v = (3,1) 
ans. u + v = (3,1) + (3,1) = (6,2); |u] = |v] = V10, u-v=3-3+1-1=10 
b) Find the the cosine of the angle between v and w , which of the pairs of vectors are perpendicular 
(orthogonal)? 
1.u = (3,—1),v = (4,2) 
u:v 12-2 10 10 1 
lully] v10V20 200 10⁄2 v2 
c). Determine all the vectors which are perpendicular (orthogonal) to the vector v. 
1. u= (1,2) 
We seek |v] = (x,y), such that (1,2) : (x,y) =0, x+2y = 0, x =—2y, then 
lv] = (=2y,y),y E R. 
There are infinitely many such vectors, they are all 'extensions/contractions' of vector (—2,1). 
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Complex numbers 


1. Determine the following: 
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g) For real numbers the absolute value can be split up: e.g. |x- (x +2)| = |x|- |x +2]. The same 
happens for complex numbers. 

i7(1 + i)® lil- Ia ++i] 8 

12| — 12 
(V2 — iv6) |V2 — iv6| 

We calculate the specific absolute values: 

[i] =1 

l1+i)=V14+1=v2 


|V2 —iv6| = V2 + 6 = v8 


now we see 


i7- a+ 1 vD" 2! 


Kane — B|” = g6 


h) a S — el os eas a a = 5; m|] = 
(2—2i)*| — 241- D4 241- iE] 24 [(1—2i—1]2] — 


== m| al = 53 m [zp 1) -5 ~ 26 


3. Solve the following equations for z € C , it is possible that there are no solutions or there are more 
than one. 


d) iz? — z + 2i = 0; A=1-4:-1-:21=1+8=9; 


-FE 2 j (ee. a E : aa 
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fo 2z+0+0z=1-3i 

2(x + iy) + (1 + i)(x« — iy) = |collect real and imaginary parts| = (3x + y) +i(x + y) 
(3x+ty)+i(xty)=1-3i 

real and imaginary parts on both sides of equation are equal:. 


SA 


3 =1 
x+y now you have to solve this system ly E 


x+ty=-3 


h) (z+z)+2(z2-—7Z)=3+48i; let z = x + iy 
(x +iy+x-—iy)+2(x+iy—x+iy)=3+8i 
2x + 4iy = 3 + 8i 


2% = 
; z=Ż+2i. 


4y =8 
J) z—i=2z+1 ; let z=x+iy 
x +iy—i=2x+2iy+1 

x +i(y— 1) = (2x + 1) + 2iy 
x—i(y—1)= (2x + 1)+iy 


x=2x+1 paa 
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ODR rE oa 


4. Sketch the following sets in the complex plane 





a) s=fzec: Re|z| < Re pa 





zai Zp 4+1 5 


-3 + 2i -3+ 2i 2+i -~6-3i+4i-2) 8 
Mp e] a 


l ; 8 
Re|z| =x, so the points from S satisfy the equation x < — = 





5. Calculate the argument arg (z) and the main argument, Arg(z), of z. 


a) arg(1— i), Arg(1 —i) 
TT TT 
Arg Q -i)=-7' arg(1 — i) = -7 + 2k T, kel. 


C) Arg(v2 — iv6) 
r = V2 + 6 = V8 = 2V2 


o v2 1 
oS 22 2 — ye 
v6 B 3 
snag = 22. 2 


Arg(v2 — iv6) = -53 arg( V2 —iv6) = —r/3 + 2kn 


6. Plot the following points and find the polar form (trigonometric form) and the exponential form 





of 
) 2+ 2i V4+4= 2v2 i f 3- 
cC) z=- l y= = > cosa = ———, sina = —— > a=3- 
a 2V2 2 V2 4 
310 
z= 242i = 2v2(- Fa +i) = 2V2 (cos + isin) = 2v2 e pa 
4 44/3 21 
h) z = —4 — i 4V3; r=v16+48=8 ; cosa = =y" SL r a= —— 
V3 -27 


1 
z = —4 — i W3 = eae 
| =e( 7 7 I= 





7. Sketch the following sets in the complex plane, mark the main points (wedges and circles) 
c) S={zece:|z7+3-2i| <2} 


|Z + 3 — 2i| < 2 first we can plot the points Z , next take a mirror projection about axis OX of these 
points: 


y=Im z 





or transform the inequality : 
IZ7+3—-—2i| <2 
[Z+3+2iļ| < 2 
|z +3+2iļ| <2 
lz+3+2i| <2 inside of circle ,centre c(—3,—2), radius r < 2. 


f) s=fzec:-7 <arg(z) <7 | 





g) the set from f) 1s the set of points Z, so now, to obtain S, we should mirror this set with respect to 
the OX axis 
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h) First plot the points z4 = z — 2 + i, next to obtain S, points z are shifted by 2 — i: 





m) S=fzEC: 0 < arg (É) < Arg(3 +30) | 


Arg(i) = E and Arg (3 + 3i) = Arg(1 + i) = 7 , SO 


Z 
0 < Arg (-) < Arg(3 + 3i) 
0< non da = 466d 
a a 5 4 a 7 O DO SlaeS. 
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Plot a wedge. 

n) S={zEC: Arg(1-— 3i) S argz < Arg(—2+5i)} 

Simply plot the numbers z; = 1— 3i oraz z, = —2 + 5i ie. points P,(1,—3), P,(—2,5) on the 
plane, the region is an infinite wedge between the line passing through points (0,0), P, (1, —3) and the 
line passing through (0,0), P,(—2,5). 


m) S ={zE C: Im[(2+i1(3 +50] = |z-3 + i| = |V5 + 2i | 
A Arg(3—i) <arg(z) < Arg le a] } 
1. First we calculate the values on the left- and right-hand sides of Im|(2 + D(3 + 5i)] = 
|z- 3 +iļ| > |v5 + 2i | 
1a. Im[(2 + D(3 + 50] = Im [6 + 10i + 3i + 5i2] = 13 


2 
1b. |V5 +2i| = (V5) +22 =v54+4=3 

2. The "in-between" 

2. |z —3+ i| =|z-—3-i|=|z—(8+i)| the distance between some 'z" and z=3+i 


2. Im[(2+ (3 + 5i)] = |z-3+i| = |V5 + 2i | means 
13 > |z— (3 + D| > 3 this is aring with centre at P(3,1) and radii between 3, 13. 


3. The second inequality: 
„TU 
3. Arg(3 — i) < arg(z) < Arg le 2j 


3a. Arg(3 — i) angle between the positive OX axis and the point P(3,-1), we don not calculate the 
argument — ONLY plot it. 


3b. Arg le g = = — simple 


so Arg(3 — i) < arg(z) < Arg le z] is a infinite wedge between line P(0,0) to P(3,-1), and line 
P(0,0) to P(0,1). 


The intersection of both sets is S, top, right part of ring. 


8. Sketch the following sets in the complex plane, mark the main points 


b) S = {z € C:Im |(1 + 2i)z — 3i] < 0}, 


ans.: let z = x + iy, then 
Im|(1 + 2i)z — 3i] = Im |(1 + 2i) (x + iy) — 3i] = Im |(x — 2y) + i(2x + y — 3)|: 
2x+y-3<0 & y<-—2x +3. 
e 
| A 
| | A 
i | Pp 
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d) S={zZEC: z+i=z-—1}, 
z+i=z-1 
z-t=z-1 
Z—Z=i—1, let z= x + iy, then since the real part are equal and the imaginary parts are equal: 





x +iy—(x+iy)=i—1 
x—iy—(x+iy)=i—1 
—2iy =i- l1; S=9. 





g)S ={z€C:liz+1—i] < 2}, 
1 
CERE E il- fz+5 -1 = |i|-|z-i-1] =|z-G4+D| <2; 
inside of circle, centre c(1,1), radius r = 2. Sketch it. 
h)S ={zeC:|z-—i+1| < 3}: 
|z —i+ 1| =|z—i+1|=|z-—(-—1+i)| <3; inside of circle, centre c(-1,1) i radius r = 3. 
Sketch it. 


i) S={zeC:|z—2i|+|z+2i|=4} 
The set consists of complex numbers which lie in distance equal to 4 from points -2i and 27. This is an 
interval on the imaginary axis with from -2i to 2i. 


j S={zeC:|z +il < 2} 
Method 1: |Z + i] = |Z- i| = |zZ=T| = |z-i| <2 


or Method 2: |x +1y +i| = |x —iy +i] = |x +i(-y+1) =Ẹ4x? +(y-1)} < 2. 


Inside of circle, centre c(0,1), radius r = 2. Sketch it 


9. Find Arg(z), 





z| for the following complex numbers 


img, 1° 


TT 
a) Z= (e5) arg(z) = 157 = 3m : Arg(z) = m; |z| =1 


3 13m it 


l TT l TT LTT ; 
b) z=(1+i)>-e# =(v2 et | -e4 = 2V¥2 e€4°4 = 2V2 ei": 


Arg(z) = m; |z| = 2v2 


3 
= ;)10 (3 v2 e"") BO. Abs: a7 
gza BESO NO @ yz) cath ati = 31095 oer, 


Hy E 


37 36 1 TT TT 
— T = (= +2) =542-30; : Arg(z) =e Z| = 3222? 
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10. Let z = —1 +1, write the following complex numbers in exponential form 
3T. 
First write z in exponential form: z = —1 + i = V2 e74 '; 


ST. ; ST. 7T. T. 

a) —z= —1:V2e4'=e™"V2e4'= V2e4'=vV2e 4 
T. ST. 5T. 3ST. 
b) İz = e2'V2e4! — V2e4! — J2e 4! 


c) 


11*. Let z = 2(cos—+isin— , write in exponential form 
7 7 P 


TE TT 
First write z in exponential form z = 2 (cos— + isin =) =2e7 





rei Ti sri -6r i 
a)—z=-—1.: 2e7 =2e"e7 =2 e7 = | main argument | = 2e 7 
i T T ori 
b) iz=i-2e7 =2e2 e7 =2e14 
i ££ Df se 
2e7i 
d) Z= 2e 7' 


TL Ti T 1071 
e) (1+ iv3)z = (1+iv3)- 2e7 =2e3' 2e7 =4 e 21 





TL 4 107 , 4T ; 
f) z = 2! eT =2" e7 `= |main argument | = 2e 7 


12. First express the complex number z in exponential, and polar form, next express it in 
algebraical/canonical form z = x + iy. 


(1 + i)?? (V2 (eima i22n ({_i6mīt T, TU at IU 
C) “e e a T e 4 ( 7) =25e 2‘ = 25 (cos(—5) + isin(-5)) 
= 0- 32i 


13*. Calculate the Cartesian coordinates of the point Q obtained by rotating point P (2,3) by 60° 
around (0,0) (hint: use the multiplication of complex numbers). 


The point obtained by rotation is P’ = (2 + 3i) -e3 = (2 + 3i) (cos? + isin =) = 


(2 + 3i) (G+i%), so P’ (1 -38 V3 +). 


14. Calculate and plot in the complex plane, the real and imaginary parts of the indicated complex 
numbers, remember there might be more than one value. Where possible find the algebraic values of 
the coordinates 


f) 2 V3 — 2i ; represent the number in exponential form 


ge ed a es eee 
lL r= , COS Q = 7”? sın qdq = 7 q&a = 6 


TT. 
2V3-2i=4e 6° 


T. i 6 COS 
|2 V3 — 2i € {Zo, 21}; Zo = 2e 12', 2m 2g" 


g) V5+12i 
(x +iy)? =5+ 12i 
x? — y? +2xyi =5+ 12i two equations are obtained: 


KD ED _ 6, aA 2 _ = B , 


V5 + 12i € {3 + 2i, —3 — 2i} 


h) V8 + 6i 


Take z = x + iy, then z? 


= 8 + 6i and solve for x,y 
15. Solve for z: 


c) z(1+i)* =1 
1 











E 1 i 
= (ekg A 2 
l 1 B 
6 z 27i 
i TC „57T 
— = — PSF & z= V-27, 2€}3 e33, 3 eT, 3 ef | 
z? 27i 
zí im 
=v? 4 
D7 Í 
zí „TT TT TT V2 v2 
z= Veet = V2 (cost + ising) = V2(F 40S) 1+ 
z4 
thus: - =1+i 
i+1 


ZS (PEO) Se Tere aH 7 
z= V2i 
We need the n-th root formula: 


NZ =Zona 


a 21 a 27 (X 20 

Z= NT (cos (= + k=) + isin(—+ k—)) = pela a) 
n n non 

2 

/ 

(7/2. ,2 

peasy Aas k— 

VZ = {2u 774; 295 Za}: Ze = 5. fl gt T) 


LTT 
First we have to express 2i in exponential form: 2i = 2e2, i.e. A= -, r=2. 


So 
3. 2r 
Foz) İT 
Zo = V2 -e t 4] Y2- es (in Arg) 
TU 
2 
4 


y 2T (1 T (= 
i 5) = 42. e YZ- ela) (in Arg) 


—71 


ae (97 : 
J = 4 2. ell=) =(inArg)=V2-e' 8. 


—31 


22) _ 4 i(—*) nay ee _ 4 i 
=V2-e\8/=(inArg)=V2-e'8. 
We sketch 4 vertices of a square: Zo, Z1, Z2, Z3. 


MERE 2 
16. Let Z4 = 31 + i7, Z2 = ici 
e) give the geometric interpretation of the above operations (sum, product, cubic root, power) and plot 


the results. 


ans to e): 
a) when adding two complex numbers we add corresponding two vectors with beginning at 0 and end 
points at these numbers; 


b) all the n-th roots of a complex number z, lie on a circle of centre 0 and of radius 4/|z| . Each one 
of them is obtained by rotating a chosen root (e.g. one with the argument - Arg Z) by the angle equal 
to multiplicity of 2 = The roots are the vertices of a regular n-gon. 


c) when multipying complex numbers we multiply the absolute values and add the arguments 
d) when taking the n-the power of a complex number we the n-the power of the absolute value and the 
n-th multiplicty of the argument. 





17*. Use the de Moivre’a Formula to determine the dependence of sin2a@ and cos 2a on the sina 
and cos q (i.e. formulas for sin 2q@ and cos 2a which contain only ‘sin œ’ and ‘cos @’). 


Let z = cosa +isina,then form the de Moivre’a Formula: z? = cos2a +isin2a 


On the other hand, if we square both sides of the equation z = cosa +isina, then 
z? = (cosa +isina)* = cos? q — sin? a +2isinacosa, thus 
cos2a +isin2a = cos? æ — sin? æ + 2i sin & cos a , real and imaginary parts should be equal: 


cos 2a = cos? a — sin? a ; sin2a =2sina cosa. 


18*. Use the exponential form to solve 


2 z 
b) Ai = —1, z+ 0 i niech z= |zle’®. then the equation becomes: 
Z 





|z|? Izle*® 
— = —] 





Izlet% 


|z|? |zle'“ 


seen -1 06 e4@=-4 ©& e044 = eiltt2kt) 6 4q@= 742k and finally 


we obtain z number with an arbitrary |z|a nd four different arguments: 


22a 9003 
a= 4 2 = My a 
19*, Write z = : + is in exponential form 


a) calculate all the possible integer powers z", n E€ I, (I = Integers) 


. T 
Ln— 


v3 i(Ž+2k 
= e l3t2kT) so z” = et", 


; 1 NO 4 : 1 ; 
First we express Z = + is in exponential form: Zz = > Eg LS 
(n - 2k is a multiplicity of the period 2kr). The periodicity of sine and cosine causes that there are 


only 6 different values of the powers of n i.e. for n = 6k,6k + 1,6k +2,...,6k +5, kE so 


1 for n=6k 
1 iv3 
5 ter for n=6k+1 
1 iv3 
Me Sera Jor n= bk2 
zn = ei "3 = 2 2 
—1 for n=6k+3 
Bee = 6k+4 
2. oe er 
se =6k+5 
aa for n= 
b) zt, where i is the imaginary unit i* = —1. 


1 V3 f 1 . V3 eu 
Express Z = > + is in exponential form; z = > F is = e" sneer kel, 


T 1 i 
So zi = ett Gtk = e7 (Gt2k™ | This means that G F i$) are infinitely many real numbers. . 
20. Calculate the power et, where i is the imaginary unit i? = —1. 
e'=cos1+isin1. 
21. Find all the complex roots of the equations 


a) According to the Rational Root Test, it is easily seen that -1 is a root of the polynomial. We divide 
the polynomial by (x + 1) to obtain that x? — x? + 3x + 5 = (x + 1)(x* — 2x +5), next we find the 
roots of the quadratic polynomial x* — 2x +5. 


3 3 
b) 2z? + 4z*+3z+6=(z+2)(2z7+3), roots aiban Aea A 
7 3 1 


d) Bee n a | -6 & 6zł-7z?°-—9z-2=0 
6z? — 7z? — 9z — 2 = (z — 2)(6z? + 5z + 1) 


22. Let 


b) z, = —iV2, z, =i be two of the roots of zê — 2z° + 5z* — 6z? + 8z? — 4z + 4 = 0 find all the 
other roots. 


z — 275 +5z* — 6z? + 8z? — 4z + 4 = (z + i V2)(z — i V2)(z — 1)(z + D(z? — 2z + 2) 
The equation z* — 2z + 2 has the following two roots Zs = 1 +i, z=1-i. 


23. Write a polynomial with real coefficients of the fourth degree which has the following roots: 
Z,=1-1L Zz = 31. 


eg. (z—-(1-))(z-(4+0))Z-30)(@ + 3i) = (z? — 2z + 2)(z? + 9) 
= z* — 2z? + 11z? — 18z + 18. 


